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Abstract. Evolution of the magnetic field fluctuations of the solar wind

across the Earth’s bow shock is studied. Using the four Cluster spacecraft

the energy spectra of the magnetic field fluctuations are decomposed into three

distinct components in the wave number domain: two-dimensional compo-

nent, Alfvénic component, and compressible component. The spectral de-

composition provides a means to study how the shock-turbulence interac-

tion occurs in the collisionless plasma. The two-dimensional component is

a major contributor in the fluctuation energy throughout from the solar wind

to the foreshock, the magnetosheath, and the cusp region. The solar wind

exhibits the dominance of the two-dimensional component and its wave num-

ber spectrum is characterized by a power law with the index close to -5/3.

The transition of the solar wind across the shock is characterized not only

by amplification of the fluctuations but also by reconfiguration of the energy

contributions of the three components. The foreshock and the magnetosheath

exhibit enhancements of the Alfvénic and the compressible components, re-

spectively. The reconfiguration of the energy contribution can be interpreted

in such a way that the solar wind turbulence is modified by the waves that

are locally excited by the shock-reflected ions or directly by the shock.
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1. Introduction

Shock waves in space such as supernovae, interstellar and interplanetary shocks, and

planetary bow shocks are often associated with a turbulent medium. One of the direct

consequences of the shock-turbulence interaction is the acceleration of cosmic ray particles

[Fermi, 1949]. How turbulence evolves as it encounters the shock wave in the collisionless

medium is an interesting problem and of practical importance in space- and astrophysics.

Theoretical treatments of the shock-turbulence interaction remains still as a challenge

for several reasons. One of the difficulties is that the equations governing the motion

of the flow velocity and the magnetic field must be solved under the condition that the

turbulent field undergoes a shock wave or generally discontinuities. This implies that

the Rankine-Hugoniot relation is coupled to the closure problem of turbulence [Biskamp,

2003]. When fluctuating fields are treated as a linear wave (small amplitude fluctuation),

it is possible to describe the wave evolution across the shock by perturbing the Rankine-

Hugoniot relation [McKenzie and Westphal, 1969, 1970; McKenzie, 1970; Westphal and

McKenzie, 1969]. Turbulence, however, means large amplitude fluctuations and therefore

one has to seek a non-perturbative method to solve the Rankine-Hugoniot relation in the

presence of turbulent fields.

On the other hand, the Earth’s bow shock, a standing shock wave located at about 20

Earth radii in front of the Earth, serves as an ideal, natural laboratory for studying the

turbulence evolution across the shock. A number of spacecraft have visited the bow shock

and its adjacent regions since 1960s and discovered various properties of the collisionless

shock as well as turbulence in the solar wind.
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The solar wind at 1 AU is believed to be in a fully developed turbulent state, as the fre-

quency spectra of the magnetic field often exhibit a power law [Matthaeus and Goldstein,

1982; Matthaeus et al., 1982; Marsch and Tu, 1990]. The mean velocity of the solar wind

is super-magnetosonic, typically about 400 km/s. The Earth’s magnetosphere is a blunt

obstacle to the solar wind and the bow shock is formed as the solar wind encounters this

obstacle. Collisionless shocks at sufficiently high Mach number have a unique dissipation

mechanism, in which a portion of the incoming particles are specularly reflected at the

shock front. As a consequence the reflected particles stream backward (upstream against

the incoming flow) along the magnetic field, forming an extended transition region in front

of the shock [Paschmann et al., 1979, 1981]. This transition region is called the foreshock

and it appears at shocks where the magnetic field is quasi-parallel to the shock normal

direction. In contrast, when the magnetic field is quasi-perpendicular to the shock normal

direction, the transition into the downstream region takes place only on a small scale, of

the order of the ion gyro-radius. The solar wind is slowed and heated at the shock and en-

ters the magnetosheath, where the flow is deflected to pass by the magnetosphere. A part

of the magnetosheath flow reaches the cusp region behind the dayside magnetosphere.

Fluctuations in the foreshock and the magnetosheath are often interpreted within the

framework of waves like normal modes in magnetohydrodynamics (MHD) or kinetic the-

ory. There are a variety of studies based on this concept. Early spacecraft missions

such as POLAR, Interball, AMPTE, ISEE and so on, have provided a lot of instruc-

tive observations regarding waves and instabilities, wave-particle interactions, properties

of collisionless shocks (see reviews of Engebretson et al. [1994]; Paschmann et al. [2005]

and reference therein). However, the definition of normal mode depends on the model of
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plasma dynamics, e.g. MHD, two-fluid, cold plasma, or Vlasov model. And furthermore

nonlinear effects are neglected when the modes are derived.

The Cluster mission [Escoubet et al., 2001], consisting of four spacecraft in polar orbit

about the Earth, is ideal for studying waves and turbulence in the solar wind, the fore-

shock, and the magnetosheath, since measuring the particles and fields at four points in

space enables one to distinguish between temporal and spatial variations and therefore to

derive the spatial properties of various phenomena. One of its applications is to exper-

imentally determine the dispersion relations [Narita et al., 2003; Narita and Glassmeier,

2005]. The energy spectra of the magnetic field fluctuations are directly determined in the

wave number domain (hereafter the wave number spectra) in the regions from the solar

wind to the foreshock, the magnetosheath, and the cusp. The interaction between solar

wind turbulence and the bow shock is studied by tracing the evolution of the wave number

spectra across the shock. For this purpose we introduce a decomposition method of mag-

netic field fluctuations into three distinct components: a two-dimensional component, an

Alfvénic component, and a compressible component. The idea of the field decomposition

is motivated by long-standing questions about the nature of the symmetries of solar wind

turbulence, viz., whether or not turbulence is two-dimensional or Alfvénic [Matthaeus

et al., 1990; Bieber et al., 1994, 1996]. This three-component model was originally in-

troduced by Matthaeus and Ghosh [1999] and defined on the basis of the divergence-free

nature of the magnetic field in spirit of turbulence. It is independent from the choice of

dynamics models or normal modes. In our study the decomposition method is integrated

with the estimator of the wave number spectra, providing the relative energy contribu-

tions of these components. Section 2 describes the estimators of the wave number spectra
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The analysis method is then applied to the Cluster observations in section 3. The results

are discussed in section 4. Section 5 concludes the text.

2. Spectral estimators

2.1. Decomposition of fluctuation

Magnetic field fluctuations under a background field can be in general decomposed into

three components: a two-dimensional component, an Alfvénic component, and a com-

pressible component. The two-dimensional component is an incompressible fluctuation

associated with a wave vector perpendicular to the background magnetic field. This com-

ponent is referred to as two-dimensional, since both the fluctuation and the wave vector

are confined to the perpendicular plane to the background magnetic field. The Alfvénic

component is also an incompressible fluctuation but is associated with a parallel (or anti-

parallel) wave vector, representing an intuitive picture of an Alfvén wave propagating

along the magnetic field. The compressible component represents a magnetic field fluctu-

ation parallel to the background field and a perpendicular wave vector. Fig. 1 displays the

fluctuations and the wave vectors of the three components. While the two-dimensional

and the compressible component are linearly polarized, the (finite amplitude) Alfvénic

component has two degrees of freedom in polarization. Therefore the Alfvénic component

can be linearly, elliptically, or circularly polarized.

This representation with three components is convenient for studying turbulent fields

for several reasons. One is the fact that the three components describe any magnetic

field fluctuations uniquely and completely. The second reason is that this representation

is based only on the divergence-free nature of the magnetic field and is free from the

concept of wave modes. It is of course possible to decompose the fluctuations into the
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normal mode of magnetohydrodynamics (MHD) [Glassmeier et al., 1995], but then one

has to justify that the MHD picture is applicable to the fluctuation of interest. The

third reason is that the fluctuation energy is given as a sum of the energy of the three

components.

The three-component model can be understood as follows. First we separate the wave

vector into two parts: parallel and perpendicular to the background magnetic field

k =

 k⊥
0
0

+

 0
0
k‖

 . (1)

Here we choose the mean-field aligned (MFA) coordinate system in which the x and z axis

are perpendicular and parallel to the background field B0 (assumed to be constant). The

magnetic field fluctuation satisfies the divergence-free equation, yielding the condition

k · δB = 0 for the spatial periodic fluctuations. The fluctuation δB for the parallel and

the perpendicular wave vectors are expressed as

δB(k⊥) =

 0
δBt

δB‖

 (2)

δB(k‖) =

 δB⊥1

δB⊥2

0

 , (3)

respectively. Here δBt denotes the two-dimensional component. The subscript t stands

for the transverse direction to the wave vector (and also perpendicular to the background

field). δB‖ denotes the compressible component, and δB⊥1 and δB⊥2 denote the two

Alfvénic components. It is worthwhile to note that one does not need to assume an

axisymmetry. The total fluctuation δB is hence obtained by adding Eq. (2) and (3),

δB =

 δB⊥1

δB⊥2 + δBt

δB‖

 . (4)
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We define the total fluctuation energy by the trace of the matrix 〈δBδB〉, where the

angular bracket denotes the averaging. In this paper, the averaging is made in the time

domain. On the assumption that the three fluctuation components are mutually inco-

herent, the total fluctuation energy is given as a superposition of the energy of the three

components,

E = tr〈δBδBT 〉 (5)

=
(
〈|δB⊥1|2〉+ 〈|δB⊥2|2〉

)
+ 〈|δBt|2〉+ 〈|δB‖|2〉. (6)

The first two terms in the round bracket represent the energy of the Alfvénic compo-

nent, while the third and the last term represent that of the two-dimensional and the

compressible components, respectively.

2.2. Projection into wave vector space

The second pillar of the analysis is to estimate the energy spectra directly in the wave

number domain. It is of course ideal to have as many spacecraft available as possible

to Fourier transform the fluctuations from the spatial coordinates into wave numbers. It

is true that the four measurement points provided by Cluster, from this point of view,

are too few for performing the Fourier transform into the wave number domain, but it

is still possible to use an alternative method that substitutes for the role of the Fourier

transform by estimating the fluctuation amplitude as a function of frequency and wave

vector. Several attempts have already been made to determine the wave number spectra

from Cluster observations [Narita et al., 2006, 2008; Sahraoui et al., 2006].

The determination of the wave number spectrum makes use of a projection of the cross

spectral density (CSD) matrix into the wave vector space. The CSD matrix is obtained
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from the measurements as

M(ω) =
1

T
〈S(ω)S†(ω)〉, (7)

where ω denotes the (angular) frequency, T the length of the measurement time, and the

dagger † the Hermitian conjugate. S(ω) is the state vector of the measured magnetic field

fluctuations that are Fourier transformed from the time domain to the frequency domain.

Here the background field is assumed to be constant. In the case of the Cluster magnetic

field measurement, the state vector consists of 12 elements (3 magnetic field components

times 4 measurement points):

S(ω) =


B1(ω)
B2(ω)
B3(ω)
B4(ω)

 , (8)

where the subscript refers to the measurement point (i.e., spacecraft). The CSD matrix

(Eq. 7) is projected into a 3 × 3 matrix using a weight matrix W(ω,k):

E(ω,k) = W†(ω,k)M(ω)W(ω,k). (9)

Here we choose the minimum variance weight, which has the form

W(ω,k) = M−1(ω)H(k)V(k)
[
V†(k)H†(k)M−1(ω)H(k)V(k)

]−1
, (10)

where H(k) is a 12×3 matrix and called the steering matrix:

H(k) =


I exp(ik · r1)
I exp(ik · r2)
I exp(ik · r3)
I exp(ik · r4)

 (11)

with I the 3 × 3 unit matrix. The steering matrix reflects the periodic spatial pattern

characterized by the wave vector k with amplitude unity. The matrix V(k) in Eq. (10) is

given as

V(k) = I +
kk

k2
, (12)
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where k = |k|. The weight matrix (Eq. 10) is optimized to minimize the projected matrix

(Eq. 9) under two constraints, the weight matrix satisfying the unit gain condition:

W†(ω,k)H(k) = I, (13)

and, second, the divergence-free nature of the magnetic field, which results in the matrix

V(k). It is worthwhile to note that the weight matrix is determined by the measurement

itself (the CSD matrix in Eq. 7). The matrix projected into the wave vector space is

therefore given analytically from Eq. (9) and (10) as

E(ω,k) =
[
V†(k)H†(k)M(ω)H(k)V(k)

]−1
. (14)

This estimator of E(ω,k) is referred to as the wave telescope (or k-filtering) [Pinçon

and Lefeuvre, 1991; Motschmann et al., 1996; Glassmeier et al., 2001] and is applied to

determine the wave number spectra. The projection in Eq. (9) does not change the units of

the matrix elements, and therefore the projected matrix E(ω,k) has the same unit as that

of the CSD matrix (Eq. 7), namely nT2/Hz in the case of the magnetic field. To obtain

the wave number spectra, the unit of the projected matrix is adapted by integration over

frequency and then division by the grid size of the wave vector space ∆k such that the

unit of the spectrum is given as squared amplitude per wave number, nT2 km.

2.3. Spectrum of two-dimensional component

The wave number spectrum for the two-dimensional component is obtained in several

steps. (1) The matrix E is determined in the mean-field coordinate system at various

perpendicular wave vectors k = (k⊥ cosφ, k⊥ sinφ, 0) and frequencies, where φ denotes

the azimuthal angle about the background field direction (z axis). (2) The xy plane is

rotated about the z axis to orient the x axis in the wave vector direction, such that the
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y axis is perpendicular to the background field and tranverse to the wave vector. (3)

The spectral energy in the y direction is obtained from the rotated matrix as a function

of frequency, perpendicular wave number, and azimuthal angle, Eyy(ω, k⊥, φ). (4) The

spectrum Eyy is integrated over frequency in the flow rest frame ωre = ωsc−k ·V and the

azimuthal angles, which gives the spectrum in units of squared amplitude (nT2). (5) The

spectrum is transformed into the spectral density in the wave number domain (nT2 km).

The transformation is made by dividing the spectrum by the grid size of the wave number.

We use in the present study a logarithmically equidistant grid such that the grid size is

proportional to the wave number itself, ∆k⊥ ∝ k⊥. In short, the spectral estimator for

the two-dimensional component is given as

E2d(k⊥) =
1

∆k⊥

∫ 2π

0
dφ
∫
dωEyy(ω, k⊥, φ). (15)

2.4. Spectrum of Alfvénic component

The wave number spectrum for the Alfvénic component is determined in the following

steps. (1) The matrix E is determined in the mean-field coordinate system at various

parallel and anti-parallel wave vectors k = (0, 0,±k‖) and frequencies. (2) The energy of

the perpendicular fluctuation is obtained by summing the x and y diagonal components

of the matrix, E⊥(ω,±k‖) = Exx(ω,±k‖) +Eyy(ω,±k‖). (3) The energies for the parallel

and the anti-parallel wave vectors obtained in the step 2 are summed and integrated over

the rest frame frequency. (4) The spectrum is divided by the grid size of the parallel wave

number. The spectral estimator is thus given as

Ealf (k‖) =
1

∆k‖

∫
dω

[
E⊥(ω, k‖) + E⊥(ω,−k‖)

]
. (16)
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2.5. Spectrum of compressible component

The wave number spectrum for the compressible component is obtained by replacing Eyy

(perpendicular fluctuation energy) by Ezz (parallel fluctuation energy) in the estimator

of the spectrum of the two-dimensional component (Eq. 15). The estimator is given as

Ecmp(k) =
1

∆k⊥

∫ 2π

0
dφ
∫
dωEzz(ω, k⊥, φ). (17)

3. Measurement of wave number spectra

3.1. Cluster observations

We apply the spectral decomposition method to the Cluster observations and obtain the

wave number spectra as well as the relative energy contributions of the three components.

We use the magnetic field data from the Cluster fluxgate magnetometer (FGM) [Balogh

et al., 2001] (time resolution 22 vec/s) and determine the wave number spectra in various

regions from two bow shock crossings for the mission phase with 100 km spacecraft sep-

aration. The orbit of the first crossing (orbit A) encountered (1) the solar wind, (2) the

foreshock, and (3) the magnetosheath. The orbit for the second crossing (orbit B) encoun-

tered (4) the solar wind, (5) the magnetosheath, and (6) the magnetospheric cusp region.

While the first orbit represents a crossing of the quasi-parallel shock (Alfvén Mach num-

ber 7.6, angle between the shock normal and the upstream magnetic field 30.5 deg), the

second one represents a crossing of the quasi-perpendicular shock (Alfvén Mach number

4.0, angle 75.7 deg). Fig. 2 and 3 display the schematic and the actual orbits of Cluster.

Fig. 4 displays the observed magnetic field magnitude for the two shock crossings. The

orbit A is inbound (from the solar wind to the magnetosphere) and encountered the shock

crossing at about 1600 UT and the magnetopause crossing at about 2130 UT. We use the
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interval (1) Feb. 11, 2002, 1730–2030 UT for the solar wind, (2) Feb. 12, 2002, 0630–

1230 UT for the foreshock, and (3) 1615–2100 UT for the magnetosheath. The orbit B

is outbound. After exiting the nightside magnetosphere just before 0900 UT, the space-

craft re-entered the magnetosphere on the dayside at about 1000 UT and encountered

the dayside magnetopause and the shock at about 1015 UT and 1350 UT, respectively.

We use the intervals (4) Mar. 4, 2002, 1415–1615 UT for the solar wind, (5) 1015–1330

UT for the magnetosheath, and (6) 0900–0945 UT for the cusp. It is of course possible

to split the time interval of analysis into more sub-intervals, but we aim to determine

average properties of fluctuations from each region and for this purpose we use the whole

intervals.

We determine the wave number spectra and the energy contributions of the three com-

ponents (two-dimensional, Alfvénic, and compressible components) for the six regions

from the solar wind to the cusp. The spectra are determined at various wave numbers in

the parallel and the perpendicular direction to the background magnetic field using the

logarithmically equidistant grid (30 grid points within one order of magnitude of the wave

number, which are chosen to be close enough such that the spectral curves are identified in

the analysis), and then averaged over ensembles with 32 time sub-intervals. The discrete

grid and the projection of the ensemble averaged CSD matrix result in smoothed spectral

curves. The energy contributions are derived from the wave number spectra using Eq. 6.

In the following subsections we present the wave number spectra, the frequency spectra,

and the energy contributions in the solar wind, the foreshock, the magnetosheath, and

the cusp.

D R A F T July 15, 2008, 12:16am D R A F T



X - 14 NARITA ET AL.: WAVE NUMBER SPECTRA THROUGH THE BOW SHOCK

3.2. Solar wind (orbits A and B)

The wave number spectrum in the solar wind for the orbit A is displayed in Fig. 5-(1).

Most of the fluctuation energy is contributed by the two-dimensional component at various

wave numbers. The compressible component has the second largest contribution, and the

Alfvénic makes the weakest contribution. The two-dimensional component exhibits a

power law spectrum with the index close to -5/3 up to the spectral break at the wave

numbers about k = 5 × 10−3 km−1 (marked with an arrow). The compressible and the

Alfvénic component have also similar spectral curves, but the spectrum of the Alfvénic

component is slightly steeper. The frequency spectrum displayed in Fig. 6-(1) exhibits the

dominance of the perpendicular fluctuation to the background magnetic field, which agrees

with the dominance of the two-dimensional component in the wave number spectrum. The

spectral curve in the frequency domain is also a power law with the index close to -5/3,

and the scale of the spectral break almost agrees with that in the wave number domain. In

the frequency domain the break is identified at f = 4×10−1 s−1, which corresponds to the

wave numbers derived from Taylor’s hypothesis at about k = 5 × 10−3 km−1. Fig. 7-(1)

displays the energy contribution of the three components in units of percentage. Up to

the spectral break scale (k ≤ 5 × 10−3 km−1) the two-dimensional component occupies

about 60% of the fluctuation energy, the Alfvénic component about 15-20%, and the

compressible component about 20-25%. Beyond the spectral break scale the contribution

of the compressible component increases rather suddenly toward higher wave numbers,

whereas that of the two-dimensional component becomes smaller.

The wave number spectrum for the orbit B is displayed in Fig. 5-(4). The spectrum

exhibits some similarities and on the other hand some differences from the spectrum of the
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orbit A. The two-dimensional component dominates again in the spectrum and exhibits

the power law with the index close to -5/3, but the spectrum of the Alfvénic and the

compressible component almost degenerate, overlapping with each other. The frequency

spectrum (Fig. 5-(4)) exhibits the -5/3 spectrum and the spectral break at the frequencies

about f = 2× 100 s−1, or at the wave numbers (derived from Taylor’s hypothesis) about

k = 2 × 10−1 km−1. The break is not seen in the wave number spectrum, as the wave

number of the spectral break scale is higher than the Nyquist wave number limit due to

the spacecraft separation (100 km). The energy contribution is displayed in Fig. 7-(4),

exhibiting 50-60% by the two-dimensional component, 20% by the Alfvénic component,

and 20-30% by the compressible component.

3.3. Foreshock (orbit A)

The wave number spectrum in the foreshock is displayed in Fig. 5-(2). The spectrum

is characterized by enhancement (or amplification) of the spectral power at various wave

numbers. The spectra also exhibit a hump on an intermediate scale. The enhancement

of the spectra is primarily seen in the Alfvénic and the compressible component, while

the spectral power of the two-dimensional component does not change much. The en-

hancement of the Alfvénic component is so large that it almost reaches the spectrum

of the two-dimensional component, especially in the range 10−3 km−1 < k < 10−2 km−1.

The enhancement of the compressible component is also prominent. All the three com-

ponents exhibit a moderate hump at the wave numbers about k = 1 × 10−3 km−1. The

hump may be interpreted as the so-called “30 second waves” often observed in the fore-

shock (e.g. Greenstadt et al. [1995]), as the frequency spectrum exhibits a peak at about

f = 5 × 10−2 s−1 in Fig. 6-(2). (In the present case the peak is at 20 seconds.) The
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frequency spectrum also exhibit a spectral break at higher frequencies (f ' 1× 100 s−1),

but this break is not seen in the wave number spectra, again because its spatial scale is

smaller than the spacecraft separation. The energy contribution is displayed in Fig. 7-

(2). The two-dimensional component contributes about 40-45%, the Alfvénic component

about 35-40%, and the compressible component about 20%.

3.4. Magnetosheath (orbits A and B)

The wave number spectrum in the magnetosheath for the orbit A is displayed in Fig. 5-

(3). All three components are enhanced by one to two orders of magnitude by comparison

with the foreshock spectrum. The spectral lines are gently curved such that the energy

decays more rapidly toward larger wave numbers. The curved spectra are also identified

in the frequency spectra in Fig 6-(3). The energy contribution is displayed in Fig. 7-

(3). The compressible component has the dominant contribution, about 45%, while the

two-dimensional and the Alfvénic component contribute about 35% and 20%, respectively.

The spectrum for the orbit B is displayed in Fig. 5-(5) and is similar to that from

the orbit A. The spectral lines are again slightly curved and the three components are

enhanced from the solar wind spectrum (Fig. 5-(4)) by one to two orders of magnitude.

The two-dimensional component dominates the spectrum, but the difference from the

compressible component (the second dominant component) is not much. The frequency

spectrum displayed in Fig. 6-(5) exhibits a hump at the Taylor scale wave number about

k = 5× 10−3 km−1, but the hump is not clearly seen in the wave number spectrum. How-

ever, it should be noted that Taylor’s hypothesis fails in the magnetosheath, since the

wave propagation speed is larger than the flow speed in the post-shock region and there-

fore the frequency spectrum does not immediately reflect the form of the wave number
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spectrum. The energy contribution is displayed in Fig. 7-(5). The two-dimensional com-

ponent contributes about 45%, the Alfvénic component about 20%, and the compressible

component about 35%.

3.5. Cusp (orbit B)

The wave number spectrum in the cusp is displayed in Fig. 5-(6). At smaller to

intermediate wave numbers the spectrum is dominated by the compressible component,

while at higher wave numbers it is dominated by the two-dimensional component. The

turnover scale is about 10−2 km−1. The Alfvénic component is much diminished by one

to two orders of magnitude from the magnetosheath spectrum. The frequency spectrum

in Fig. 6-(6) exhibits curved lines with the perpendicular fluctuation dominant, but these

curves do not reflect the wave number spectra any more, since Taylor’s hypothesis fails

again in the cusp region. The energy contribution in Fig. 7-(6) shows that the Alfvénic

component contributes only about 5-10%. The compressible component dominates at

smaller and intermediate wave numbers by about 60% and becomes diminished to about

35%. The two-dimensional is enhanced from 25 to 55% toward higher wave numbers in

return.

3.6. Coherence

The assumption of incoherent fluctuations used in the analysis is examined, too. The

existence of coherence brings an additional term in the expression of the energy decom-

position (Eq. 6), that is the coupling of the two-dimensional and the Alfvénic component,

〈δB⊥2δBt〉 Fig. 8 displays the histogram of coherence

γ(k‖, k⊥) =
|〈δB⊥2(k‖)δB

∗
t (k⊥)〉|√

〈|δB⊥2(k‖)|2〉
√
〈|δBt(k⊥)|2〉
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between these two components at various wave numbers for the six regions. The result is

that the coherence is small enough in all the regions. The coherence varies at most up to

0.05 but mostly smaller than 0.01.

3.7. Summary of the results

To summarize, first of all, the two-dimensional component is a major contributor in the

fluctuation energy from the solar wind to the cusp. In the smallest case its contribution

is about 35% in the magnetosheath behind the quasi-parallel shock and in the largest

case it is about 60% in the solar wind. The two-dimensional component dominates in

the solar wind and exhibits a power law spectrum with the index close to -5/3, which

justifies the arguments of Matthaeus et al. [1990] and Bieber et al. [1994, 1996]. There

are transitions both in the spectral power (that is proportional to the squared amplitude)

and in the relative energy contributions as the solar wind enters the magnetosheath. For

the quasi-parallel shock crossing the three components are amplified first in the foreshock

and then further amplified in the magnetosheath. The Alfvénic component is promi-

nently enhanced in the foreshock and the compressible component is most enhanced in

the magnetosheath. For the quasi-perpendicular shock crossing the compressible compo-

nent is also most enhanced in the magnetosheath, while in the cusp region the Alfvénic

component is suppressed.

4. Discussion

As demonstrated in section 3, the magnetic fluctuation spectra observed in the fore-

shock, the magnetosheath, and the cusp are all enhanced by comparison with spectra ob-

served in the upstream solar wind. Two likely sources for these enhancements are plasma
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instabilities and amplification of fluctuations at the bow shock (See discussion below). In

the foreshock, electron-beam and ion-beam modes are the most likely instabilities, because

the bow shock is a source of heated electrons and reflected ions. In the frequency range

of concern to us, the most likely mode to grow is the electromagnetic ion/ion right-hand

resonant instability. This has been confirmed observationally by Watanabe and Terasawa

[1984]; Fuselier et al. [1986a, b] using single spacecraft methods and recently by Narita

et al. [2003]; Narita and Glassmeier [2005]; Narita et al. [2007] using multi-spacecraft

methods of Cluster. Winske and Leroy [1984] use numerical simulations and show the re-

lation between the diffuse ion component and this instability. Linear theory [Gary, 1993]

shows that the instability has maximum growth at kc/ωpp < 1 and at k×B0 = 0 (k = |k|,

c the light speed, ωpp the proton plasma frequency), so that enhanced fluctuations from

this instability should have properties of the Alfvénic component defined in section 2.

Magnetosheath plasma shows the consequences of magnetic compression and heating at

the shock, so that the primary characteristic of proton distributions in this regime is a

strong T⊥/T‖ > 1 anisotropy. This anisotropy leads to the growth of both electromagnetic

ion cyclotron and mirror-mode fluctuations, e.g. Anderson and Fuselier [1993], with the

mirror instability often dominating the high-β plasmas near and downstream of the shock.

The mirror instability has maximum growth at directions strongly oblique to B0 and has

a strong δB‖ component [Gary, 1993], so that enhanced fluctuations from this growing

mode should have properties of the compressible component defined in section 2. In our

case the plasma parameter β is 4.13 and 1.48 in the magnetosheath for the orbit A and B,

respectively. Though β for the orbit B is only moderately high, the relationship between

β and the mirror mode interpretation is in accord with Anderson and Fuselier [1993].
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There are two possible major explanations why the fluctuations are amplified as the

solar wind undergoes the shock transition. One possibility is that waves are excited by

instabilities in the foreshock and the magnetosheath. This interpretation accounts for the

enhancement of the Alfvénic component in the foreshock and the compressible component

in the magnetosheath. Indeed, the dispersion analysis of Cluster shows the existence of the

magnetosonic/whistler mode in the foreshock and the mirror mode in the magnetosheath

[Narita et al., 2003; Narita and Glassmeier, 2005]. The magnetosonic/whistler mode has

the wave field that is propagating along the magnetic field at the Alfvén speed at lower

frequencies, so that this wave field probably contributes to the Alfvénic component in our

analysis. This accounts for the enhancement of the Alfvénic component in the foreshock.

Also, the mirror mode is a non-propagating, compressible fluctuation associated with the

wave vector nearly perpendicular to the magnetic field, therefore the enhancement of the

compressible component in the magnetosheath can be explained by the excitation of the

mirror mode.

The second possible explanation is that the fluctuations in the solar wind are amplified

at the shock independent of any instabilities. The interaction of the MHD waves with the

shock wave can be analytically modeled and solved by perturbing the Rankine-Hugoniot

relations to the first order. In general, the interaction results in reflection and trans-

mission of the incident wave across the shock. The analysis suggests that the magnetic

field amplitude of an Alfvén wave incident in the shock-upstream region is enhanced by a

factor of unity or three, depending on the sense of wave propagation in the upstream and

downstream region with respect to the shock normal direction [McKenzie and Westphal,

1969, 1970; McKenzie, 1970; Hassam, 1978]. The analysis also predicts that the ampli-
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fication of a fast magnetosonic wave is about a factor of four [Westphal and McKenzie,

1969]. Therefore we estimate naively the jump of the spectral power by factors 10 − 20

across the shock, which is, interestingly, close to our measurement. (Note that energy is

proportional to squared amplitude of the field.) It is also worthwhile to mention that there

are a variety of possible scenarios within the framework of the wave picture: amplification

or mode conversion of waves at the bow shock and the magnetopause; generation of waves

due to local instabilities associated with these discontinuities; reflected waves; standing

waves in front of the magnetopause.

5. Conclusions

We summarize our principal results as follows.

(1) The two-dimensional component is a major contributor to the fluctuation energy

not only in the solar wind but also in the foreshock, the magnetosheath, and the cusp

region. (2) The two-dimensional component dominates in the solar wind, and its wave

number spectrum is close to the -5/3 spectrum. (3) The transition from the solar wind

to the magnetosheath is accompanied by two effects. One is the amplification of the fluc-

tuations in all the three components. The spectral amplification across the shock is by

one to two orders of magnitude, which is close to the estimate based on the perturbed

Rankine-Hugoniot relation. Another effect is that energy contribution of the three com-

ponents is reconfigured in the foreshock, the magnetosheath, and the cusp. The foreshock

and the magnetosheath exhibit more enhancement in the Alfvénic and the compressible

component, respectively. This suggests that waves are excited in situ by instabilities. The

enhanced compressible component in the magnetosheath is seen for both the quasi-parallel
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and the quasi-perpendicular shock crossing. In the cusp region, the Alfvénic component

is suppressed.
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Figure 1. Three magnetic field components under the mean magnetic field.
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Figure 2. Illustration of of Cluster orbits through the Earth’s bow shock. Orbit

A and B stand for the crossing of the quasi-parallel and the quasi-perpendicular shock,

respectively. The numbered areas denote the locations used for the investigation of the

wave number spectra.
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Figure 3. Actual orbit of Cluster in the XZ plane of GSE coordinate system. The

outer and inner curves represent the bow shock and the magnetopause.
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Figure 4. Time series plots of the magnetic field magnitude for orbit A (top) and B

(bottom). The numbered intervals correspond to the numbered areas in Fig. 2 and 3.
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Figure 5. Wave number spectra of magnetic field fluctuations for the two-dimensional

component (T), the Alfvénic component (A), and the compressible component (C). Ver-

tical bars stand for the interval of 95% confidence of the spectra. Arrows point a hump

or a spectral break.
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Figure 6. Frequency spectra of perpendicular (in black) and compressible magnetic

field fluctuations (gray) determined from the measurements of the Cluster-1 spacecraft.

The corresponding wave numbers derived from Taylor’s hypothesis are attached on the

top of each panel. The solid vertical bars stand for the confidence interval.
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Figure 7. Energy contribution of the three fluctuation components in various regions.
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Figure 8. Histogram of coherence between the two-dimensional and the Alfvénic

component.
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